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Abstract
We construct boundary states for supertubes in the flat spacetime. The T-dual
objects of supertubes are moving spiral D1-branes (D-helices). Since we can obtain
these D-helices from the usual D1-branes via null deformation, we can construct
the boundary states for these moving D-helices in the covariant formalism. Using
these boundary states, we calculate the vacuum amplitude between two supertubes
in the closed string channel and read the open string spectrum via the open closed
duality. We find there are critical values of the energy for on-shell open strings on the
supertubes due to the non-trivial stringy correction. We also consider supertubes
in the type IIA Go¨del universe in order to use them as probes of closed timelike
curves. This universe is the T-dual of the maximally supersymmetric type IIB PP-
wave background. Since the null deformations of D-branes are also allowed in this
PP-wave, we can construct the boundary states for supertubes in the type IIA Go¨del
universe in the same way. We obtain the open string spectrum on the supertube
from the vacuum amplitude between supertubes. As a consequence, we find that
the tachyonic instability of open strings on the supertube, which is the signal of
closed time like curves, disappears due to the stringy correction.
1hiro@hep-th.phys.s.u-tokyo.ac.jp
1 Introduction
In the resent development of the string theory, D-branes played an important role.
Especially, since D-branes are non-perturbative solitons, we have revealed many non-
perturbative aspects in the string theory by studying the dynamics of D-branes.
Now although D-branes have tension, it is known that in a type IIA string theory,
tubular D2-branes in the flat spacetime can be stable by adding proper electric and
magnetic gauge flux on them. These D2-D0-F1 bound states are called ‘supertubes’ [1].
Supertubes also preserve 8 supercharges in spite of its curved configuration. An important
feature of supertubes is that we can interpret a supertube as a ‘blown up’ object of D0-
branes (see [2] for the matrix description of D-particles). Therefore it is interesting to
study the blow up process from D0-branes to supertubes. In this paper we would like to
study this process in the string theory. Since the background RR-flux is not needed in
contrast with the Myers’ effect [3], a dielectric effect of D-branes in the presence of the
background RR-flux, there is a possibility to treat this process in the NSR superstring
formulation and indeed it is possible as we will see.
Taking the T-duality in the direction in which the supertube is extended, we can obtain
a moving spiral D1-brane (D-helix) from the supertube as is claimed in [4]. The main idea
used in this paper is that we can get this moving D-helix from a static D1-brane via ‘null
deformation’ [5, 6, 7, 8] (see also [9] for more generalized cases), the deformation only in
the x+ direction. Therefore the blow up process corresponds to the null deformation in
the T-dual picture.
In this paper we would like to follow this null deformation in the string theory using
the boundary state formalism. In the boundary state formalism, D-branes are treated as
the initial (final) states of closed strings and these states are called boundary states. We
will use this formalism because the situation becomes simpler. While the time evolution of
open strings on supertubes is non-trivial because of boundary interactions, closed strings
propagate trivially once they are emitted at the boundary. Due to this advantage, we
can treat the null deformation of boundary states in the covariant formalism [5, 10]. We
express the null deformation (the blow up in the T-dual picture) as deformation operators
(Wilson loop) on the boundary and as a consequence, we can obtain boundary states for
supertubes. We would like to stress that we can treat these boundary states exactly
without light cone gauge fixing, i.e., without breaking the conformal invariance of the
string world sheet. In the string theory, we highly depend on the conformal invariance
of the world sheet to calculate string scattering amplitudes. Therefore we need to treat
strings covariantly for further analyses.
1
D-branes are also useful for studying stringy effects on geometries because we can use
them as probes [11]. Since supertubes have tubular form, we can analyze stringy effects
near a certain curve using supertubes as probes. Especially they are useful in studying
closed timelike curves (CTCs) in Go¨del universe [12]. The main motivation of studying
Go¨del universe is to find out fates of backgrounds with CTCs and it is interesting to study
this problem in the string theory [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24]. In this
sense, the supersymmetric type IIA Go¨del universe [15] will be a good example. This
is because we can obtain the universe via T-duality from the (compactified) maximally
supersymmetric type IIB pp-wave [25] as is claimed in [15]. Since we can construct
an exactly solvable string theory on the maximally supersymmetric type IIB pp-wave
background [26], we can also treat the type IIA Go¨del universe in the string theory [16].
This background also has 20 supersymmetries and we can expect a high stability against
quantum corrections.
In this paper we would also like to consider supertubes in the supersymmetric type IIA
Go¨del universe. We put a supertube whose worldvolume is along a CTC in order to use it
as a probe [18, 19, 22, 23]. As before its T-dual is a moving D-helix, a null deformed D1-
brane, in the the maximally supersymmetric type IIB PP-wave background. As claimed
in [27], the null deformations of D-branes are also allowed in this PP-wave. We will find
that we can construct the boundary states for D-helices in this background in the same
way as in the flat spacetime. We will compute the vacuum amplitude between supertubes
and obtain the open string spectra on them from which we can read the stringy correction
to closed timelike curves.
This paper is organized as follows. In section 2 we construct the boundary states
for the supertubes in the flat background and consider the open string spectra on them.
We also construct the boundary states for deformed supertubes [28, 29, 30] (see also
[31, 32, 33] for the supersymmetric D2-anti D2 brane system which we can obtain by
deforming a supertube). In section 3 we consider supertubes in type IIA Go¨del universe.
We construct boundary states for them in a similar manner and obtain open string spectra
on them. In section 4 we give a brief summary of our results and draw conclusions.
2 Boundary State for Supertube in Flat Spacetime
In this section we will denote the world volume directions of the supertube as (t, φ, y˜).
The supertube has the gauge flux Fty˜ = −1 and Fφy˜ = constant. Though one might think
the electric field is at the critical value, it is not the case because of the non zero magnetic
flux. To see the further property of supertubes, let us compactify the y˜ direction with
2
the radius R˜. When a supertube consists of N D2-branes, k D0-branes and q F-strings,
which we will call the (N, k) supertube, magnetic flux and the radius of the supertube
denoted by ρ are quantized as follows
Fφy˜ =
α′
R˜
k
N
, ρ2 = gs
|qk|α′ 32
N2R˜
, (2.1)
where gs is the coupling constant for closed strings. The important feature is that the
tension of this supertube equals the sum of the tension of |q| F-strings and |k| D0-branes.
Therefore we can interpret supertube as the ‘blown up’ D0-branes.
Figure 1: Supertube and Spiral D1-brane
Taking a T-duality in the y˜ direction, we can treat the supertube more easily. As
claimed in [4], a T-dualized object of the supertube is a moving ‘D-helix’, a spiral D1-
brane, wound k times in the y direction and N times in the φ direction (see fig.1). We can
check this fact by treating D-branes as boundary conditions of open strings. Although we
will consider them in a bosonic string theory for simplicity, we can easily extend obtained
results to super string cases as is discussed later. Remembering that the (mixed) Neumann
boundary condition is given by
Gµν∂NX
ν + (Bµν + Fµν)∂DX
ν = 0, (2.2)
we can write down the boundary conditions for the supertube as follows
µ = t : − ∂N t− ∂Dy˜ = 0,
µ = φ : + ρ2∂Nφ+ b∂D y˜ = 0,
µ = y˜ : ∂N y˜ + ∂Dt− b∂Dφ = 0,
µ = ρ : ∂Dρ = 0,
(2.3)
3
where we defined Fφy˜ = b. Taking the T-duality in y˜ direction and defining light cone
directions as x+ = t+ y, x− = 1
2
(t− y), these change to 1
∂Nx
+ = 0, ∂Nx
− − ρ
2
b
∂Nφ = 0, ∂D(φ− 1
b
x+) = 0, ∂Dρ = 0, b = R
k
N
, (2.4)
where R = α′/R˜ is the radius of the y direction. Eq.(2.4) is just the conditions for the
moving D-helix in fig.1.
Now eq.(2.4) tells us that we can obtain this moving D-helix from usual D1-branes
extended in the y direction via ‘null deformation’ [5, 6, 7, 8, 9], i.e., a deformation only
in the x+ direction. Noticing this fact we would like to treat D-branes in the boundary
state formalism and construct the boundary states for supertubes via the null deformation
[5, 10] in the next section. First let us treat the case of k = 1 for simplicity because the
number of segments of D1-brane is one 2.
2.1 Boundary State for k = 1 Supertube and Vacuum Amplitude
As we have reviewed in the previous section, a supertube is described as a moving spiral
D1-brane (D-helix) in the T-dualized background. Here we would like to construct the
boundary state for this D-helix and calculate the vacuum amplitude.
Using the formalism in [34], we can get the boundary state for the D-helix wound (N, 1)
times in the (φ, y) directions (denoted as |N, 1〉) by multiplying one static D1-brane |D1〉
by the proper Wilson loop-like operator. That is 3
|N, 1〉 = e− i2πα′
∫ 2π
0 dσVN,1 |D1〉, VN,1 = ρ cos(NX
+
R
)∂τX
1 + ρ sin(
NX+
R
)∂τX
2, (2.7)
where we used the relation b = Rk
N
. Notice that this boundary state preserves the boundary
conformal invariance including renormalization because the deformation is null [5] (see also
1In the limit of b → ∞, the condition (2.4) becomes to that for usual D1-branes extended in the y
direction. This is natural because the supertube with the large magnetic flux is equivalent to (infinite)
D0-branes.
2We will treat a D1-brane wound k times in the y direction as k segments of D1-branes.
3In this section we will use the mode expansion of closed string in compact spacetime as
Xµ(τ, σ) = xµ + α′pµτ +Rµwµσ + i
√
α′
2
∑
n6=0
1
n
(
αµne
−in(τ+σ) + α˜µne
−in(τ−σ)
)
, (2.5)
where the closed string Xµ(τ, σ) has the periodicity under σ → σ + 2π. The commutation relations are
[αµm, α
ν
n] = [α˜
µ
m, α˜
ν
n] = mη
µνδm,−n, [x
µ, pν ] = iηµν , (2.6)
and the other commutators vanish.
4
[35] for the proof for supertubes in the context of the boundary conformal field theory).
We can also rewrite it using oscillators as follows
|N, 1〉 =
∞∏
m=1
exp
[
− m
α′
V imV
i
−m − i
√
2
α′
(V imα
i
−m + V
i
−mα˜
i
−m)
]
|D1〉, (2.8)
where we defined
V 1m(X
+) ≡ 1
2π
∫ 2π
0
dσρ cos(
X+
b
)eimσ, V 2m(X
+) ≡ 1
2π
∫ 2π
0
dσρ sin(
X+
b
)eimσ. (2.9)
Notice that α+m’s commute each other. Then V
i
m is well defined.
Now let us compute the following vacuum amplitude between the same (N, 1) D-helix
Z = 〈N, 1|∆|N, 1〉 = α
′
2
∫ ∞
0
ds〈N, 1|e−sH|N, 1〉 ≡
∫ ∞
0
dsA(s), (2.10)
where ∆ is a closed string propagator and the function A(s) is given by
A(s) = α
′
2
〈N, 1|e−sH|N, 1〉 = α
′
2
〈D1|e i2πα′
∫ 2π
0 dσVN,1e−sHe−
i
2πα′
∫ 2π
0 dσVN,1 |D1〉. (2.11)
As is shown in [10], we can neglect massive modes in the x+ direction, i.e., α+m for m 6= 0,
in evaluating this amplitude. Considering only zero modes, V im has the following simple
form
V 1±Nw =
ρ
2
e∓i
Nx+
R , V 2±Nw = ±i
ρ
2
e∓i
Nx+
R , otherwise zero, (2.12)
where w denotes the winding number in the y direction, i.e., X+ = x+ + Rwσ + · · · .
Notice that this simpleness is due to the periodicity of the function V iN,1 under the shift
X+ → X+ + 2πR. Then we can use the following effective boundary state in calculating
the vacuum amplitude
|N, 1〉 ∼ exp
[
− |Nw|
α′
V i|Nw|V
i
−|Nw| − i
√
2
α′
(V i|Nw|α
i
−|Nw| + V
i
−|Nw|α˜
i
−|Nw|)
]
|D1〉. (2.13)
Employing the formula
〈0|e− 1mαmα˜me(f(2)−mαm+f(2)m α˜m)e−s(α−mαm+α˜−mα˜m)e(f(1)m α−m+f(1)−mα˜−m)e− 1mα−mα˜−m |0〉
=
1
1− e−2ms exp
(
− m
e2ms − 1
[|f (1)m |2 + |f (2)m |2 − ems(f (1)m f (2)−m + f (1)−mf (2)m )]), (2.14)
which can be shown by repeatedly applying the Baker-Campbell-Hausdorff’s formula
(f
(1,2)
m (= f
(1,2)∗
−m ) are any constants), we obtain the following vacuum amplitude
A(s) = N
(2πα′s)12
∑
w
exp
[
− ρ
2
α′
Nw tanh
Nws
2
]
e−
R2w2s
2α′ η(is/π)−24, (2.15)
5
where η(is/π)−24 ≡ e2s∏∞
m=1(1−e
−2ms)24
is the usual η function and the normalization factor
N is given by N = α′T 21
8
V1
4. After taking the T-duality in the y direction, i.e., R→ α′/R˜
noticing N = R/b, we get the desired vacuum amplitude between the same supertube.
Finally we would like to extend this result to superstring cases. As is discussed in [10],
massive modes are decoupled similarly, and we only have to replace the modular function
η(is/π)−24 by the familiar terms with theta-functions
θ3(is/π)
4 − θ2(is/π)4 − θ4(is/π)4
2η(is/π)12
(= 0). (2.16)
Therefore the vacuum amplitude vanishes. This is consistent with the fact that a super-
tube preserves eight supersymmetries. We can also get a non trivial result considering
a ‘tube-antitube’ system, i.e., a tubular D2-anti D2 system with the same gauge flux on
both branes. The vacuum amplitude can be obtained by just changing the sign in front of
θ2(is/π)
4 in (2.16). In this case the amplitude does not vanish and we can see a non-trivial
effect.
2.2 Open Closed Duality in Discretized LC Gauge
In the previous section we have evaluated the vacuum amplitude between the same D-
helix. Before reading an open string spectrum from this amplitude, we would like to
review the open-closed duality in the discretized LC gauge 5 in this section. We will
obtain an exact open string spectrum on the D-helix in the LC gauge using a technique
shown in this section.
Let us consider the open string 1 loop amplitude in the light cone gauge with the
Lorentzian world-sheet. Since the y direction is compactified with the radius R in our
case, the momentum is discretized as
p+ = E +
n
R
, p− =
1
2
(E − n
R
). (2.17)
Denoting the open string (Euclidean) modular parameter t as π/s, the open string 1 loop
amplitude in this gauge is given by
Zopen =2× V1
∫ ∞
0
dt
2t
∫
dp+
(2π)2R
∑
n
Tr exp
[
− 2πt
(
− α′p+(p+ − 2n
R
) +Ho
)]
=
V1
8π2α′
∫ ∞
0
dt
t2
∑
w
Tr e−2πt(−α
′p+2+Ho)|p+= wR
2iα′t
,
(2.18)
4We defined the normalization constant Tp for Dp-brane as Tp ≡ 27−pπ 232 −pα′ 11−p2 and V1 is the
volume of the light cone directions.
5See [36, 37] for open closed duality of D-instantons in the light cone gauge.
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where in the second line we performed integral 6 with respect to the light cone directions
in a similar manner as in [9]. Notice that the modular parameter t is Euclidean while
the world-sheet is Lorentzian. Therefore we should treat t as a pure imaginary one in
performing the integral in eq.(2.18). We would like to interpret this result as the closed
string tree amplitude. Considering the Euclidean world-sheet, i.e., treating t as a real one
in the second line in eq.(2.18), the second line corresponds to taking the following gauge
in the open string channel
X+ = 2α′p+τ =
wR
it
τ =
wR
t
τE , (2.20)
where τE is the Euclidean time. Under the open closed duality τE ↔ tσ, this changes
to the gauge X+ = Rwσ in the closed string channel. Therefore we can interpret w in
eq.(2.18) as a winding number of a closed string in the y direction.
Now the main claim in this section is that we can obtain the result in the closed string
channel by replacing 2iα′p+t in the open string channel with wR and vise versa. For
example, the first factor in eq.(2.18) corresponds to the effect of winding modes as in
eq.(2.15);
e2πtα
′p+2|p+= wR
2iα′t
= e−
w2R2π
2α′t = e−
w2R2s
2α′ . (2.21)
Finally noticing that there is no momenta in the light cone directions in the closed string
channel, we find the Cardy’s condition is given by
Tr e−2πtHo |p+= wR
2iα′t
= 〈B|e−sHc|B〉|X+=wRσ. (2.22)
2.3 Open string spectrum on the k = 1 Supertube
Let us now return to the problem of evaluating the open string spectrum. Replacing wR
with 2iα′p+t, we can easily rewrite the non-trivial exponential factor in eq.(2.15) in the
language of the open string channel as eq.(2.21). That is
exp
[
− ρ
2
α′
Nw tanh
Nws
2
]
→ exp
[
− 2πt
(
− ρ
2
b
p+
π
tan
α′πp+
b
)]
, (2.23)
where we used a relation N = R/b. Then we find the open string Hamiltonian on the
(N, 1) D-helix has the following form
Ho = −2α′p+p− − ρ
2
b
p+
π
tan
α′πp+
b
+Hosc, (2.24)
6We used the following resummation formula
∞∑
n=−∞
einx = 2π
∞∑
w=−∞
δ(x− 2wπ). (2.19)
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where Hosc denotes a contribution of massive modes, i.e.,
Hosc =
24∑
i=1
∞∑
m=1
αi−mα
i
m − 1. (2.25)
After taking T-duality in the y direction, we get the desired open string Hamiltonian on
the (N, 1) supertube as follows
Ho = −α′E2 + R˜
2w2
α′
− ρ
2
b
1
π
(E +
R˜w
α′
) tan
[α′π
b
(E +
R˜w
α′
)
]
+Hosc. (2.26)
We can also obtain the result in a superstring theory, by replacing Hosc with that for a
superstring theory.
Now we would like to carry out physical interpretations from this result. We will treat
only no winding open strings (w = 0) for simplicity. If we consider the low energy limit
|α′E/b| ≪ 1, we can expand the open string Hamiltonian as follows
Ho = −α′E2(1 + ρ
2
b2
) + · · · . (2.27)
We can interpret the result as the usual expression Ho = α
′pµpνG
µν
eff + · · · with the open
string metric Gµνeff
7 and is indeed consistent with the open string metric for a supertube
Gtteff = −(1 + ρ
2
b2
).
On the other hand, in the high energy region we can see a non-trivial α′ correction in
the Hamiltonian (2.26). The open string spectrum (Ho = 0) is given by
α′E2 +
ρ2
b
E
π
tan
[α′πE
b
]
= M2. (2.29)
Notice that there is always a solution for any M2 ≥ 0 in the range of 0 ≤ E < |b|
2α′
.
Therefore we find that there is a ‘critical’ energy for open strings.
Finally let us comment on several points before finishing this section. First we cannot
take the large radius limit R˜ → ∞ because in this limit b goes to zero and the obtained
results become subtle. This is physically natural because a (N, 1) supertube is the blown
up object of one D0 brane. In order to keep the D0 charge density finite in the large
radius limit, we need to consider cases of k 6= 1 (especially k =∞).
7the open string metric is defined as (see [38] in detail)
Gµνeff =
(
1
G+B + F
)µν
S
, (2.28)
where the symbol S denotes the symmetric part of a matrix.
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We can also check the Cardy’s condition for D-branes with any traveling waves [10],
|P 〉 = exp
[
− i
2πα′
∫ 2π
0
dσΦi(X
+)∂τX
i
]
|D1〉, (2.30)
using the same technique as in eq.(2.21). Due to the periodicity of waves with the shift
X+ → X++2πR, the non trivial factor as in eq.(2.23) is always expressed as exp[wf(ws)]
with a proper function f . Therefore we can obtain the result in the open string channel
with the replacement to 2iα
′p+t
R
from w as follows 8
exp[wf(ws)]→ exp
[2iα′p+t
R
f(
2iπα′p+
R
)
]
= exp[−2πt(p+f˜(p+))]. (2.32)
There is no extra normalization factor and the Cardy’s condition is satisfied as expected.
2.4 Boundary State for k 6= 1 Supertube
As found in the previous section, we can not take the large radius limit R˜→∞ for k = 1
supertubes. In this section let us consider the k 6= 1 supertubes in order to treat this
limit. As discussed before, we can interpret one (N, k) D-helix, the T-dual object of a
(N, k) supertube, as symmetrically placed k segments of spiral D1-branes (see fig.2).
Then we can construct the boundary state for the (N, k) D-helix (denoted as |N, k〉)
by superposing k boundary states for properly shifted spiral D1-branes. That is
|N, k〉 =
k−1∑
ℓ=0
|N, k; ℓ〉, |N, k; ℓ〉 ≡ e− i2πα′
∫ 2π
0
dσVN,k;ℓ |D1〉, (2.33)
where we defined the deformation operator VN,k;ℓ as follows
VN,k;ℓ ≡ ρ cos
(NX+
kR
+ 2π
Nℓ
k
)
∂τX
1 + ρ sin
(NX+
kR
+ 2π
Nℓ
k
)
∂τX
2. (2.34)
We can interpret one segment as a ‘fractional’ brane and the (N, k) D-helix as a ‘bulk’
brane in an orbifold theory 9. This is because we can obtain a (N, k) D-helix from a (N, 1)
8For example we can rewrite the exponential factor between D-branes with the same traveling waves
(see the section 3 in [10] in detail) as follows
exp
[
−
∞∑
n=1
n|cin|2
2w
α′
tanh
nws
2
]
→ exp
[
− 2πt
(
−
∞∑
n=1
n|cin|2
2p+
πR
tan(
πnα′p+
R
)
)]
, (2.31)
where |cin| is the Fourier mode of Φi(X+) defined as in eq.(2.9).
9We can find the similar property in D-branes in Melvin background [39, 40] (see also [41] for D-branes
in the exactly solvable model [42] (a time dependent version of Melvin background)).
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Figure 2: (N, k) D-helix from k segments of spiral D1-branes
D-helix in the space whose the radius in the y direction is kR via Zk orbifolding. In the
context of the orbifold theory, we can understand only one segment or any D-branes which
are not periodic with X+ → X+ + 2πR are inconsistent because these are not invariant
under the Zk symmetry.
Now let us compute the vacuum amplitude. Although we can easily calculate it in the
same way as appeared in the previous section, the obtained result is not simple this time
since the deformation operator VN,k;ℓ is not periodic with X
+ → X+ + 2πR any longer.
Anyway we find the following amplitude for (N, k) D-helix
A(s) = N
(2πα′s)12
k−1∑
ℓ,ℓ′=0
∞∑
w=−∞
exp
[
−
∞∑
m=1
L(ℓ,ℓ
′)
m,w (s)
]
e−
R2w2s
2α′ η−24(is/π), (2.35)
where the non trivial factor for the amplitude between |N, k; ℓ〉 and |N, k; ℓ′〉 is given by
L(ℓ,ℓ
′)
m,w (s) =
2ρ2
π2α′
(m2 + (Nw
k
)2)
(m2 − (Nw
k
)2)2
sin2
(πNw
k
) m
e2ms − 1
[
e2ms+1−2ems cos
(2πN
k
(ℓ− ℓ′)
)]
.
(2.36)
This amplitude reduces to eq.(2.15) in the limit of k → 1 as expected. After taking a
T-duality in the y direction, we obtain the desired amplitude for the (N, k) supertube.
Especially, we are interested in the large radius limit R˜ → ∞ of this amplitude. To
keep the D0 charge density finite, we need to take the following limit
k →∞, R˜
α′1/2
→∞, with b = α
′
R˜
k
N
: fixed. (2.37)
Notice that this corresponds to the deconstruction limit of the Zk orbifold [43] (see the
right picture of fig.2). In this limit, we can express the vacuum amplitude for the (N, k)
10
supertube as follows
A(s) = k2N0
∫ 1
0
dx
∫ ∞
−∞
dp
1
(2πα′s)12
exp
[
−
∞∑
m=1
Lm(p, x, s)
]
e−
R2w2s
2α′ η−24(is/π), (2.38)
where we defined N0 as a usual normalization factor for D0-brane, i.e., N0 = α
′T 20
8
V0 and
the non trivial exponential factor is given by
Lm(p, x, s) =
2ρ2
π2α′
m2 + (α
′p
b
)2(
m2 − (α′p
b
)2
)2 sin2(πα′pb ) me2ms − 1(e2ms+1−2ems cos(2πNx)). (2.39)
Although it seems to be difficult to rewrite this amplitude in the language of the open
string channel because we can not use the technique as in eq.(2.21), it will be interesting
to compare above results with the matrix description of D-particles [2].
2.5 Generalization
As is claimed in [28], we can deform supertubes preserving 8 supersymmetries. Although
the shapes of the sections of a tube in the constant y˜ plane have to be the same for any y˜,
any shapes of section are OK (see the left picture in fig.3)10. Making T-duality in the y˜
direction, we obtain from a deformed (N, k) supertube a deformed moving (N, k) D-helix
wrapped on the surface of the deformed supertube as claimed in [30] (see fig.3). In this
T-dual picture, we can easily understand the validity of this deformation from the point
of view of null deformation.
Therefore when the section with the plane y˜ = const. has the following form
X1 = ρ(φ) cosφ,X2 = ρ(φ) sinφ, (2.40)
we can construct the boundary state for the deformed (N, k) D-helix, the T-dual object
of the deformed (N, k) supertube, by using the following deformation operator instead of
eq.(2.34)
VN,k;ℓ ≡ ρ
(NX+
kR
+ 2π
Nℓ
k
)
cos
(NX+
kR
+ 2π
Nℓ
k
)
∂τX
1
+ ρ
(NX+
kR
+ 2π
Nℓ
k
)
sin
(NX+
kR
+ 2π
Nℓ
k
)
∂τX
2.
(2.41)
In the same way as before, we can obtain exact vacuum amplitudes for deformed super-
tubes in the closed string channel, which vanish in the superstring case as expected from
10In [29], it is claimed that a deformed supertube is equivalent to a ‘supercurve’, a (deformed) moving
spiral F-string, under the TST duality transformation. We can also understand this fact in the context
of the M-theory as the 9-11 flip of a ‘M-ribbon’ [30], a spiral M2-brane.
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Figure 3: Deformed supertube and deformed D-helix
the point of view of the supersymmetry. Especially we can get the exact open string
spectrum for deformed (N, 1) supertubes using the same technique as in eq.(2.21).
3 Supertube in Type IIA Go¨del Universe
In this section we would like to consider supertubes on the type IIA Go¨del universe [15],
which is the T-dual of the type IIB PP-wave background with the maximal supersymmetry
[25], in order to use them as probes of closed timelike curves. The supertubes correspond
to moving D-helices, null deformed D1-branes, in the PP-wave via T-duality as in the case
of the flat spacetime. As claimed in [27], the null deformed D-branes satisfy equation of
motions also in the case of this PP-wave. We will find that we can construct the boundary
states for supertubes in the universe in the same way as in the flat spacetime.
3.1 Relation between the Go¨del Universe and PP-Wave
In this section we would like to give a brief review of the relation between the type IIA
Go¨del universe and the maximally supersymmetric type IIB PP-wave background. The
type IIA Go¨del universe has the following metric
ds2 = −(dt+ β
8∑
i,j=1
Jijx
idxj)2 +
8∑
i=1
(dxi)2 + dy˜2, J2k−1,2k = sk = ±1, (3.1)
12
and NS-NS and RR 4-form flux
H2k−1,2k,y˜ = −2skβ, F1234 = F5678 = 4β. (3.2)
We will use the complex coordinates zk and the polar coordinates (ρk, φk) defined as
zk = ρke
iφk ≡ x2k−1 + iskx2k. (3.3)
This background has the closed time like curves for ρk > 1/β.
On the other hand, the type IIB maximally supersymmetric PP-wave background is
given by
ds2 = −2dx+dx− − β2
8∑
i=1
(x˜i)2(dx+)2 +
8∑
i=1
(dx˜i)2,
F(5) = 4βdx
+(dx˜1dx˜2dx˜3dx˜4 + dx˜5dx˜6dx˜7dx˜8),
(3.4)
where we defined the light cone directions as x+ = t + y, x− = (t − y)/2 as before. The
coordinate transformation
x˜2k−1 + iskx˜
2k = (x2k−1 + iskx
2k)e−iβx
+
(3.5)
changes this background into the following one
ds2 = −dt2 + dy2 +
∑
i
(dxi)2 − 2β
∑
ij
Jijx
idxj(dt+ dy). (3.6)
In this article we will call this background ‘the twisted PP-wave background’. Taking
T-duality in y direction, we obtain the Go¨del universe (3.1),(3.2).
The twisted PP-wave background has the following symmetry (the translation in xi)
that leaves the metric and the flux unchanged
zk → zk − ρ0keiφ0k , x− → x− +
4∑
k=1
βρ0kρk sin(φk − φ0k). (3.7)
This symmetry is equivalent to that for the PP-wave background (3.4) discussed in [27].
In this paper we would like to consider only the case of sk = (1, 1, 1,−1) because the
Go¨del universe has 20 supersymmetries in this case.
3.2 Supertube on the Go¨del universe
Now let us consider the supertube extended in (t, φ1, y˜) in the type IIA Go¨del universe.
As in the case of the flat spacetime, the analysis of the DBI action 11 shows a supertube
11In spite of the presence of the RR 4-form flux in this universe, we can find there is no Chern-Simons
term for this supertube.
13
with the gauge flux Fty˜ = −1 and Fφ1y˜ = constant is a stable object. In order to take
the T-duality in the y˜ direction, let us compactify the y˜ direction with the radius R˜. As
in the case of the flat spacetime, the magnetic flux and the radius of the supertube ρ are
quantized as follows
Fφ1y˜ =
α′
R˜
k
N
, ρ2 =
gsα
′ 1
2
N
∣∣∣∣ qFφ1y˜1− Fφ1y˜β
∣∣∣∣ , (3.8)
where N, k and q are the numbers of D2-branes, D0-branes and F-strings respectively. In
this paper we would like to treat only the case of Fφ1y˜β < 1 because the tension of the
supertube is the same as the sum of the tension of |k| D0-branes and |q| F-strings only in
the case 12.
We can also show that the T-dual of this supertube is a moving spiral D1-brane as
before. We can express the supertube as the following boundary conditions of open strings
µ = t : − ∂N t− βρ2∂Nφ− ∂Dy˜ = 0,
µ = φ : − βρ2∂N t+ (ρ2 − β2ρ4)∂Nφ+ (b− βρ2)∂D y˜ = 0,
µ = y˜ : ∂N y˜ + ∂Dt + (βρ
2 − b)∂Dφ = 0,
µ = ρ : ∂Dρ = 0,
(3.9)
where we defined Fφy˜ = b. Taking the T-duality in y˜ direction, these change to
∂Nx
+ = 0, ∂Nx
− + (β − 1
b
)ρ2∂Nφ = 0, ∂D(φ− 1
b
x+) = 0, ∂Dρ = 0, (3.10)
where we used the following relations of the T-duality (see [16] in detail)
∂N y˜ = ∂Dy − βρ2∂Dφ, ∂Dy˜ = ∂Ny − βρ2∂Nφ. (3.11)
After the translation (3.7), we find that eq.(3.10) is just the condition of the moving spiral
D1-brane in the twisted PP-wave background.
3.3 String Theory on the Twisted PP-wave Background
In the previous section we have found that as in the case of the flat spacetime, the T-dual
of the supertube in the type IIA Go¨del universe is a moving spiral D1-brane in the twisted
PP-wave background. Before constructing the boundary state for this spiral D1-brane,
12For Fφ1y˜ > 1/β, the tension of the supertube is the tension of |k| D0-branes minus the tension of |q|
F-strings and ρ goes to infinity for Fφ1y˜ = 1/β.
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let us review the string theory on the twisted PP-wave background (3.6) (see [16] in
detail). As expected from the name of the background, this is just the twisted version of
the string theory on the type IIB maximally supersymmetric PP-wave background [26].
In this section we will treat only the bosonic part because the (GS) fermionic part is
irrelevant to our analysis. We will review closed strings first, consider open strings on
the static D1-brane extended in t and y directions next and finally study the open closed
duality of this D1-brane.
Closed String Theory
Now let us consider the closed string theory on the twisted PP-wave. Since the y direction
is compactified with the radius R = α′/R˜, we should impose the light cone gauge X+ =
α′p+τ + wRσ. In this gauge, the (light cone) closed string action is given by
Sclosed = − 1
2α′
∫
dτ
∫ 2π
0
dσ[∂aX
i∂aX i + 2βX iJij(p
+∂τX
j − wR∂σXj)], (3.12)
where we set the world sheet metric at ηab = diag(−1, 1). After rewriting this action
with the complex coordinates Zk in eq.(3.3) and defining Zk0 as Z
k = eiβskX
+
Zk0 , we find
that the equation of motion of Zk0 is just that of the type IIB maximally supersymmetric
PP-wave background. That is
(∂2τ − ∂2σ)Zk0 + f 2Zk0 = 0, f 2 = (βα′p+)2 − (βRw)2. (3.13)
Noticing that closed strings should satisfy the following twisted boundary condition
Zk0 (τ, σ + 2π) = e
−2πiδZk0 (τ, σ), δ = skβRw, (3.14)
we find the mode expansions of Zk0 and Z¯
k
0 , the complex conjugate of Z
k
0 , are given by
Zk0 = i
√
α′
2
∑
n∈Z
(αkn+δ
w+n
e−iw
+
n τ−i(n+δ)σ +
α˜kn−δ
w−n
e−iw
−
n τ+i(n−δ)σ
)
,
Z¯k0 = i
√
α′
2
∑
n∈Z
( α¯kn−δ
w−n
e−iw
−
n τ−i(n−δ)σ +
¯˜αkn+δ
w+n
e−iw
+
n τ+i(n+δ)σ
)
,
(3.15)
where we defined
w+n =
{ √
(n + δ)2 + f 2 for n ≥ −δ
−√(n+ δ)2 + f 2 for n < −δ ,
w−n =
{ √
(n− δ)2 + f 2 for n > δ
−√(n− δ)2 + f 2 for n ≤ δ .
(3.16)
15
Oscillators satisfy the following quantization condition
[αkn+δ, α¯
k′
ℓ−δ] = 2w
+
n δℓ+n,0δkk′, [α˜
k
n−δ, ¯˜α
k′
ℓ+δ] = 2w
−
n δn+ℓ,0δkk′. (3.17)
The closed string Hamiltonian is expressed as follows
Hc = R
2w2
2α′
− α′p+p− +Hc. (3.18)
The massive mode Hc is given by
Hc =
4∑
k=1
∑
n∈Z
[
Nk+n (
√
(n+ δ)2 + f 2+βα′p+)+Nk−n (
√
(n− δ)2 + f 2−βα′p+)
]
+8∆(f ; δ),
(3.19)
where ∆(f ; δ) is the zero point energy (see eq.(A.2)) and we defined the number operators
as
Nk+n =
{
1
2w+n
α˜k−n−δ ˜¯α
k
n+δ for n ≥ −δ
1
2w−−n
αkn+δα¯
k
−n−δ for n < −δ
,
Nk−n =
{
1
2w−n
˜¯αk−n+δα˜
k
n−δ for n > δ
1
2w+−n
α¯kn−δα
k
−n+δ for n ≤ δ
.
(3.20)
Notice that the zero point energy in (3.19) is canceled by the fermionic one due to the
supersymmetry 13.
Finally we would like to comment on the case of p+ = 0. We need to consider the
case because in the closed string channel, the Neumann boundary condition in the x+
direction is expressed as ∂τX
+ = 0. In this case, we should modify the n = 0 sector in
eq.(3.15) into the complex momenta and positions, i.e.,
Zk0 = (α
′pkzτ + z
k)e−iδσ + · · · , Z¯k0 = (α′p¯kzτ + z¯k)eiδσ + · · · , [zk, p¯k
′
z ] = 2iδkk′. (3.21)
Open Strings on D1-brane
Next let us consider open strings on the D1-brane extended in the light cone directions
in the twisted PP-wave background. We have only to consider the D1-brane at Zk = 0,
because the background is homogeneous one. We can obtain the open string spectrum
from the closed string one using the doubling trick. We need to set δ = 0 in eq.(3.15)
because the light cone gauge for the open strings on this D1-brane is X+ = 2α′p+τ .
13We can also obtain the total Hamiltonian by adding the fermionic number operators F k±n to N
k±
n
due to the Bose-Fermi degeneracy (see [16] in detail).
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Noticing that the boundary condition Zk = 0 at σ = 0 and π is equivalent to the following
gluing condition
αkn = −α˜kn for n 6= 0, αk0 = α˜k0 = 0, (3.22)
we obtain the mode expansion of the open string on the D1-brane as follows
Zk0 =
√
2α′
∑
n 6=0
αkn
wn
sin(nσ)e−iwnτ , wn ≡ sgn(n)
√
n2 +m2, m ≡ 2βα′p+. (3.23)
The commutation relations are [αkn, α
k′
ℓ ] = 2wnδℓ+n,0δ
kk′. The mode expansion of Z¯k0 is
just the complex conjugate of Zk0 . The open string Hamiltonian is expressed as follows
Ho = −2α′p+p− +Ho. (3.24)
The massive mode Ho is given by
Ho =
∞∑
n=1
[
N+n (
√
n2 +m2 +m) +N−n (
√
n2 +m2 −m)
]
+ 4∆(m; 0)− 2|m|, (3.25)
where we defined the number operators as follows
N+n =
4∑
k=1
1
2wn
αk−nα¯
k
n, N
−
n =
4∑
k=1
1
2wn
α¯k−nα
k
n. (3.26)
The zero point energy 4∆(m; 0)− 2|m| is canceled by the fermionic one due to the super-
symmetry as in the case of closed strings 14. Finally let us compute the following open
string vacuum amplitude
Zkopen =
∫ ∞
0
dt
t
∫
dp+dp−Tr exp[−2πt(−2α′p+p− +Ho)]. (3.27)
When we define q = e−2πt as before, we find the non-trivial part is given by
Tre−2πtHo =
[
q∆(m;0)−
|m|
2
∞∏
p=1
1
(1− q
√
p2+m2+m)(1− q
√
p2+m2−m)
]4
≡ f(q,m)4. (3.28)
14In contrast with the case of closed strings, we also need the extra term ho = −
∑4
k=1
m
2 (F
k
0 − 12 )
which comes from the zero modes of the fermions on D1-brane (see [37] in detail) as well as the fermionic
number operators of massive modes in order to obtain the total Hamiltonian.
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Open Closed Duality of D1-brane
In the rest of this section, we would like to study the open closed duality of D1-brane in
the twisted PP-wave background. Noticing that the relation between the mass parameter
of the open strings m and that of the closed strings δ is mt = −iδ (see eq.(2.21)), we
obtain the following modular transformation rule 15
f(q,m) =
√
2π3α′2 sin(2πδ)
δ
q˜∆(iδ;δ)
(2πα′s)
∏
n 6=0
1
1− q˜
√
(n+δ)2−δ2
≡ f˜(q˜, δ), q˜ = e−2s, (3.29)
where we used the modular properties of the massive theta functions 16 in the PP-wave
background. Therefore the Cardy’s condition is given by (see eq.(2.22))
〈D1, w|e−sHc|D1, w〉 = f˜(q˜, δw)4, δw ≡ βRw, (3.31)
where |D1, w〉 denotes the boundary state for D1-brane with the winding w sector. We
can construct the boundary state for the D1-brane satisfying this condition. The result
is
|D1, w〉 =
(
2π3α
′2 sin(2πδw)
δw
)∫
dpkzdp¯
k
z
(2π)8
|w〉〉 ⊗ |pkz , p¯kz〉, (3.32)
where |w〉〉 is the following Ishibashi state for the D1-brane
|w〉〉 ≡ exp
[ ∑
n>δw
n 6=0
1
2w+n
¯˜αk−n+δwα
k
−n+δw +
∑
n>−δw
n 6=0
1
2w−n
α˜k−n−δw α¯
k
−n−δw
]
|0〉. (3.33)
3.4 Boundary State for the Supertube on Go¨del Universe
In the previous section we have reviewed the string theory on the twisted PP-wave back-
ground which is the T-dual of the type IIA Go¨del universe. We have also constructed the
boundary state for the D1-brane at Zk = 0 in the twisted PP-wave background.
We now would like to construct the boundary state for a moving spiral D1-brane in
the twisted PP-wave background using the null deformations as in the case of the flat
spacetime. This spiral D1-brane corresponds to a supertube in the Go¨del universe. In
this section we will consider only the case of k = 1 for simplicity.
15In the limit δ → 0, this modular property reduces to that of the η function, i.e., η(it)2 = t−1η(is/π)2.
16We used the following modular transformation of the massive theta function (see appendix A)
Θ(0,−δ)(t;m) = Θ(δ,0)(1/t,mt). (3.30)
After setting m2 = −δ
2+ǫ2
t2
and taking the limit ǫ→ 0, we obtain eq.(3.29).
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As in the case of the flat spacetime, let us consider the following boundary state
without light gauge fixing
|N, 1〉 = e− i2πα′
∫ 2π
0
dσ[ρ cos(Nx
+
R
)P1+ρ sin(
Nx+
R
)P2]|D1〉, (3.34)
where Pµ ≡ Gµλ∂τXλ is the canonical momentum of the world sheet theory on the twisted
PP-wave background (3.6). We can also replace Pi with ∂τX
i in eq.(3.34) noticing the
Neumann condition ∂τX
+|D1〉 = 0. Formally we can show that the above boundary state
satisfies boundary conditions for the (N, 1) D-helix (3.10) 17 and the boundary conformal
invariance by using the canonical quantization [Pµ(σ, τ), X
ν(σ′, τ)] = −iδνµδ(σ−σ′). How-
ever we should take a great care since the naive expression (3.34) would be divergent. We
can avoid the divergence by renormalization, however it breaks the boundary conformal
invariance in general.
Fortunately in the case of the twisted PP-wave background, the canonical quantization
condition indicates that the operator products X+X+ and X+X i have no singular terms.
As in [5], this implies that the deformation operator is exactly marginal 18. Therefore the
boundary state (3.34) is that for the (N, 1) D-helix up to a normalization factor. The
normalization factor is determined by the Cardy’s condition and we will find later that
no extra normalization factor is needed as in the case of the flat spacetime. The same
argument shows that we can construct the boundary states for null deformed D-branes on
the twisted PP-wave background by multiplying those for static D1-branes by the Wilson
line like operators 19. Notice that deformations with respect to X− are not allowed as
expected because the operator product X−X i will have singular terms.
Now in the light cone gauge X+ = Rwσ, eq.(3.34) is expressed as the following form
|N, 1〉 = e− i2πα′
∫ 2π
0 dσVN,1 |D1〉, VN,1 = ρ
2
[e−iNwσ∂τZ
1 + eiNwσ∂τ Z¯
1]. (3.36)
We can compute the vacuum amplitude between the same D-helix in the same way as in
17Null deformations keep (GS) fermionic boundary conditions unchanged (see [27] in detail). Therefore
fermionic deformation operators are not needed in eq.(3.34).
18It is hard to show its exact marginality because the string theory on the background can not be
solved exactly without light cone gauge fixing.
19In the GS formalism, the vertex operator for the gauge field Ai is given by
VB(k) = (∂τX
i − 1
4
SaγijabS
bkj)eik·X . (3.35)
Therefore there is no fermionic contribution for k+ = ki = 0. The same argument can be done for
transverse scalars (the T-dual of gauge fields).
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the case of the flat spacetime. The result is given by
A(s) =
∑
w
exp
[
− ρ
2
α′
w−Nw tanh
(sw−Nw
2
) ]
e−
R2w2s
2α′ f˜(q˜, δw)
4, (3.37)
where we defined
w2−Nw = (βwR)
2
[
(− N
βR
+ 1)2 − 1
]
= (wR)2
(1− 2bβ
b2
)
. (3.38)
In the final line we used the relation b = R
N
. Notice that w−Nw becomes pure imaginary
for 2bβ > 1 After taking the T-duality in the y direction (R → α′/R˜), we obtain the
vacuum amplitude of the (N, 1) supertube.
Let us consider the naive s→ 0 limit, the UV limit of closed strings. In this limit, the
non-trivial factor in eq.(3.37) can be interpreted as the following radius shift
exp
[
− R
2w2s
2α′
− ρ
2w2−Nws
2α′
]
= exp
[
− R
′2w2s
2α′
]
, (3.39)
where the shifted radius R′ is given by
R
′2 = R2
[
1 +
ρ2
b2
(1− 2bβ)
]
. (3.40)
For 2bβ > 1, the square of shifted radius becomes negative when ρ2 > b
2
2bβ−1
. Therefore
one might think this is the tachyonic instability of closed strings wound in y direction
(or closed strings with the nonzero momentum py in the Go¨del universe). However we
should interpret the region s ∼ 0 as the open string IR rather than the closed string UV.
Notice that the naive s → 0 limit is different from the IR limit of open strings because
the conformal invariance of the world sheet theory is broken by the gauge fixing, i.e., the
mass parameter is changed under the open closed duality.
3.5 Open String Spectrum on Supertube in Go¨del Universe
As we have found in the previous section, we have to treat the vacuum amplitude in the
open string picture to carry out the correct physical interpretations. In this section we
would like to rewrite the obtained vacuum amplitude in the language of the open string
channel using the same method as before. As in the case of the flat spacetime, we will
compare the result to the following open string metric of the supertube in Go¨del universe
Gtteff = −
(
1 + ρ2
(1− 2bβ)
b2
)
. (3.41)
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Especially, we are interested in the case of 2bβ > 1 because the effective metric Gtteff
changes its sign for large values of ρ in the case 20. This is the signal of the closed timelike
curves in the Go¨del universe. Therefore we will consider only the case of 2bβ > 1 below.
Using the correspondence 2iα′p+t ↔ wR, we can rewrite the non trivial part in
eq.(3.37) in the language of the open string channel as follows
−ρ
2
α′
wNw tanh
wNws
2
→ −2πt
[ρ2p+
π
√
2bβ − 1
b2
tanh
(
πα′p+
√
2bβ − 1
b2
)]
. (3.42)
Then we obtain the following open string Hamiltonian of the (N, 1) D-helix
Ho = −2α′p+p− + ρ
2p+
π
√
2bβ − 1
b2
tanh
(
πα′p+
√
2bβ − 1
b2
)
+Ho. (3.43)
Notice that the open-closed duality (3.42) shows that no extra normalization factor in the
boundary state (3.34) is needed as we promised. After taking T-duality in y direction, we
obtain the open string Hamiltonian on the (N, 1) supertube on the Go¨del universe. For
open strings with no windings in the y˜ direction, the result is given by
Ho = −α′E2 + ρ
2E
π
√
2bβ − 1
b2
tanh
(
πα′E
√
2bβ − 1
b2
)
+Ho, (3.44)
where the massive mode Ho is given by
Ho =
∞∑
n=1
[
N+n (
√
n2 + (2βα′E)2 + 2βα′E) +N−n (
√
n2 + (2βα′E)2 − 2βα′E)
]
. (3.45)
Remember that we can neglect the zero point energy due to the supersymmetry. In the
low energy limit |α′E
√
2bβ−1
b2
| ≪ 1, we can read off the open string metric (3.41) from the
Hamiltonian (3.44) as expected.
Now let us consider the open string spectrum H0 = 0. If there were no α′ correction
in eq.(3.44), this would have the form −α′GtteffE2 = Ho. Therefore we can interpret
the effect of the closed timelike curve as the tachyonic instability of the open strings.
That is, the energy E becomes imaginary. However there is a non trivial α′ correction in
eq.(3.44). Since the magnitude of tanhx is always smaller than that of x, this tachyonic
instability becomes smaller at the string theory level than obtained from the low energy
interpretation. Notice that we can indeed find the real E satisfying Ho = 0 for any radius
20Although one might think the Gtteff becomes the same as the original metric G
tt for bβ = 1, we can
not consider the case because the radius ρ goes to infinity in the case.
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of the supertube ρ 21. Therefore we can conclude that there is no tachyonic instability of
open strings at the string theory level.
4 Conclusion
In this article we have constructed the boundary states for supertubes in the flat
spacetime in the covariant formalism and read stringy information from the vacuum am-
plitude of open strings on the supertube. The supertube is the stable tubular D2-branes
with the ‘critical’ electric flux and constant magnetic flux on them, i.e., the bound state
of N D2-branes, k D0-branes and q F-strings. Supertubes are also the BPS solitons pre-
serving 8 supercharges. Taking the T-duality in the direction in which the supertube is
extended, we obtain the moving spiral D1-brane (D-helix) wound k times in the T-dual
direction and N times in the angular direction. We can also interpret this D-helix as the
symmetrically placed k segments of spiral D1-branes. Since adding the ‘critical’ electric
flux corresponds to null boosting in the T-dual picture, we can obtain the D-helix from
a static D1-brane via null deformation, the deformation only in the x+ direction. This is
consistent with the fact that any null deformed D-brane preserves 8 supercharges which
is the same as the number of the supercharges of the supertube. This is the basic idea
needed to construct the boundary states.
First we have constructed the boundary state for the (N, k) D-helix from k segments
of D1-branes via null deformation in the covariant formalism. We have found that we can
interpret one segment of the spiral D1-brane as a ‘fractional’ brane and the (N, k) D-helix
as a ‘bulk’ brane in an orbifold theory. We have also computed the vacuum amplitude of
the open strings on the supertube in an exact form in the closed string channel. In the
superstring case, we found the vacuum amplitude is zero as expected from the point of
view of the supersymmetry.
In particular, we found the open string spectrum on the k = 1 supertube in an exact
form using the open closed duality in the discretized light cone gauge. This is due to the
fact that the k = 1 D-helix has the good periodicity in the light cone direction. In the low
energy limit, we can read the open string metric from the open string spectrum. On the
other hand we have found a non-trivial α′ correction in the high energy region. We found
21Noticing the following behaviour of the function H0 at E = 0 and |E| → ∞
Ho(E = 0) =
∞∑
n=1
n(N+n +N
−
n ) > 0, Ho(|E| → ∞)→ −∞, (3.46)
we find one solution of Ho = 0 in the range of E > 0 and another one in E < 0.
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there is a ‘critical’ energy for open strings on the supertube due to this stringy correction.
It is known that we can deform the section of the supertube preserving 8 supercharges.
We can easily understand this fact in the T-dual picture from the point of view of null
deformation. We have also constructed the boundary states for these deformed supertubes
in the same way. We can exactly calculate the vacuum amplitude which vanishes in the
superstring case and find an exact open string spectrum in the case of k = 1.
We have also considered supertubes in the supersymmetric type IIA Go¨del universe in
order to use them as probes of closed timelike curves. Since the T-dual of this universe is
the type IIB PP-wave background with maximal supersymmetry where null deformation
is allowed, we can construct the boundary states for supertubes in the same way as in the
case of the flat spacetime. We calculated the vacuum amplitude for the k = 1 supertube
and found the open string spectrum. In the open string spectrum, the effect of the closed
timelike curve appears as the tachyonic instability of open strings. We found this tachyonic
instability disappears at the string theory level due to the non-trivial α′ correction of the
spectrum.
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A Massive Theta Functions
Here we would like to summarize the definition of the massive theta functions [44] and
their modular properties. We define the massive theta functions as follows
Θ(a,b)(τ ;m) ≡ e4πτ∆(m;a)
∏
n∈Z
(1− e−2πτ
√
m2+(n+a)2+2πib)(1− e−2πτ
√
m2+(n+a)2−2πib), (A.1)
where the zero-point energy ∆(m; a) is given by
∆(m; a) ≡ 1
2
(∑
n∈Z
√
m2 + (n + a)2 −
∫ ∞
−∞
dk
√
m2 + k2
)
= − 1
2π2
∞∑
n=1
∫ ∞
0
dse−sn
2−π
2m2
s cos(2πna).
(A.2)
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These theta functions have the following modular property (see [45] in detail)
Θ(a,b)(1/t,mt) = Θ(b,−a)(t;m). (A.3)
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